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Abstract— This paper presents simulation-based results of 

the impact of transmitter (Tx) position uncertainty on the 

accuracy of the received signal strength (RSS)-based visible 

light positioning (VLP) system considering multipath 

reflections. RSS-based algorithms are constrained by several 

factors, most notably due to multipath channel characteristics 

and set-up uncertainties. A study on the impact of Tx 

uncertainties on positioning error performance is described. 

Simulation results show that, positioning accuracy can be 

severely compromised for positioning systems with a small 

number of Txs. We also show that higher lighting uniformity 

does not necessarily imply improved positioning performance. 

Furthermore, the error dependence on Tx’s position 

uncertainty reduces with increasing the number of Txs. 

Keywords—VLC, OCC, CNN, ITS, visible light, camera, car, 

Driver, Image Processing. 

I INTRODUCTION  

 The introduction of light emitting diodes (LEDs) has 
not merely developed the lighting world due to its 
tremendous advantages, such as high energy efficiency and 
longer lifetime compared with the conventional lighting 
bulbs, it has also opened up new applications. The emitted 
light signal can be modulated and hence, can transmit data, 
which is also known as visible light communications [1]. 
Visible light positioning (VLP) is another promising 
application of visible light where the location of the receiver 
(Rx) is estimated by the light-based access points [2-4]. VLP 
systems can employ a photodiode (PD) and/or camera as the 
Rx, where the latter reduces the complexity of the Rx [5]. 
There are different conventional approaches that can be used 
for position estimation, such as, received signal strength 
(RSS), angle-of-arrival, time-of-arrival where the distance or 
the angle between the transmitter (Tx) and the Rx is 
computed. In RSS, the optical signal at the Rx should be 
interference-free in order to estimate the distance accurately 
[6-9]. Performance analysis for these methods often relies on 
line of sight (LoS) channel conditions, which underestimate 
the achievable error bounds. More realistic models involving 
non-line of sight (NLoS) channel conditions have been 
carried before [10]. 

Research works have emphasized the effect of (i) noise on 
positioning performance [11]; (ii) reflections from walls and 
objects within the transmission paths [10]; and (iii) LED 
power uncertainty [12]. In [12], the impact of LED output 
power uncertainty on the accuracy of the VLP system in a real-
life scenario was studied. In [13], the impact of the Tx’s 
orientation (i.e., the tilting angle) on the accuracy of the VLP 
system was analysed. Different estimation approaches can be 

utilized to estimate the positioning of the Rx. For instance, in 
[14], an RSS-based VLP positioning system was investigated 
by employing a new regression-based approach along with 
linear and nonlinear least square estimations. The results 
showed that, the positioning error (PE) is less than 0.6 m using 
the regression approach, which is very low when compared 
with the traditional approaches. However, the impact of Tx’s 
position on positioning estimation has not been fully explored 
yet, which is the subject of this paper. 

In this work, we quantify the impact of Tx’s position 
uncertainty under multipath reflections for the RSS-based 
VLP system. Lighting uniformity is an important parameter 
for well-lit indoor environments. Lighting uniformity, as well 
as positioning performance, are both related to the Tx’s 
positions and the half power angles (HPA). Thus, our study 
investigates (i) how the lighting uniformity changes in the 
room for different HPAs and Tx’s positions; and (ii) the 
impact of position uncertainties on the positioning accuracy 
(PA) considering the optimized positions from a lighting 
uniformity perspective. 

The rest of the paper is organized as follows, Section II 
presents the system set-up, positioning algorithm, and 
different estimation approaches in detail. The impact of 
uniformity and different set-up uncertainties are presented in 
Section III. In Section IV, the impact of Tx’s position 
uncertainty on error performance is discussed followed by the 
final concluding remarks in Section V.  

II VLP SYSTEM MODELLING 

2.1  System set-up 

In this work, the VLP system consists of a single PD as 

the Rx and a number of LEDs as the Txs (in our case, 4, 9- 

 
Fig. 1 System configuration. 
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and 16-LED), which are installed on the ceiling of the room 

as shown in Fig. 1. In the algorithm, Txs are considered as 

the point sources, which are located at a height of 3 m from 

the ground level. The distance between the Txs depends on 

the lighting uniformity considerations, which are explained 

in the next section. In the proposed system. The PD has a field 

of view (FOV) and the detection area 𝐴𝑟 of 70º and 10-4 m2, 

respectively. Note, the area shown in the blue dashed line, see 

Fig. 1, is considered as the inner region while the rest is 

considered as the outer region. 

The transmission paths between the Txs and the Rx 

considered are both the LoS and NLoS, see Fig. 2. Here, for 

the NLoS path we only consider the first-order reflection. 

However, higher-order reflections can be included but with 

not much improvement in the results at the cost of increased 

computation time. The received power 𝑃𝑟
(𝑖)

 from the ith Tx 

can be expressed in terms of the power received from the LoS 

and NLoS paths, as given by: 
 𝑃𝑟(total)

(𝑖)
 = 𝑃𝑟(LoS)

(𝑖)
+ 𝑃𝑟(NLoS)

(𝑖)
 (1) 

2.2  RSS-based positioning 

The RSS method is used to obtain the estimated distance 

from the received power 𝑃𝑟
(𝑖)

 of the ith Tx. Note, the transmit 

power Pt per Tx is assumed to be 1 W. The relation 

between 𝑃𝑟
(𝑖)
 and Pt for the LoS path can be expressed as [15]: 

𝑃𝑟(LoS)
(𝑖) = 𝐶𝑜𝑃𝑡

cos𝑚(𝜃)cos(𝜑)

‖𝒅(𝒊)‖2
𝑇𝑠(𝜑)𝑔(𝜑), (2) 

where 

 𝐶𝑜 =
𝑚 + 1

2𝜋
ℛ𝐴𝑟 , (3) 

 𝑚 = −
ln(2)

𝑙𝑛(cos(HPA))
 , (4) 

where HPA is the half-power angle for the light source, θ 
is the irradiance angle from the Tx to the Rx, φ is the incident 
angle and ℛ is the PD responsivity. Ts(𝜑) and g(𝜑) are the 
transmittance function and the concentrator gain of the Rx, 
respectively, which are considered to be unity. The distance 

𝒅(𝒊)can be described as ‖𝒅(𝒊)‖
2
= 𝑟(𝑖)

2
+ ℎ2 and therefore, 

we can calculate 𝑟(𝑖)
2
 from (2) as given by: 

 𝒓(𝒊)
2
= (

𝑃𝑡𝐶𝑜ℎ
𝑚+1

𝑃
𝑟(LoS)
(𝑖)

)

2
𝑚+3

− ℎ2, (5) 

where h is the vertical distance between the Tx and the Rx. In 

equation (5) the cosine terms are explicitly expressed in terms 

of the geometry of the set-up, as ℎ ‖𝑑(𝑖)‖⁄ . 

The received power for the NLoS path (first-order 

reflection) can be expressed as [16]: 

𝑑𝑃𝑟(NLoS)
(𝑖) = 𝜌𝐶𝑜𝑃𝑡𝑑𝐴

cos𝑚(𝜃1)cos(𝜑1)

𝜋(‖𝒅𝟏
(𝒊)‖‖𝒅𝟐

(𝒊)‖)
2 𝑇𝑠(𝜑2)

× 𝑔(𝜑2) cos(𝜃2) cos(𝜑2) , 

 

(6) 

where 𝒅𝟏
(𝒊)

 is the distance between the Tx and the reflective 

area, 𝒅𝟐
(𝒊)

 is the distance between the reflective area, see Fig.  

2, and the Rx and ρ is the reflectance factor depending on the 

material of the reflective surface. For NLoS, we integrate (6) 

over all the walls for each Tx, assuming a grid area with a 

resolution dA of 0.1 m. 

2.3  Estimation using nonlinear least squares 

The Rx coordinates (x, y) are related to the Tx coordinates 

(x(i), y(i)) using the following equations: 
 

{
 
 

 
 (𝑥 − 𝑥

(1))
2
+ (𝑦 − 𝑦(1))

2
= 𝒓(𝟏)

2

(𝑥 − 𝑥(2))
2
+ (𝑦 − 𝑦(2))

2
= 𝒓(𝟐)

2

⋮

(𝑥 − 𝑥(𝑛))
2
+ (𝑦 − 𝑦(𝑛))

2
= 𝒓(𝒏)

2

, 

(7) 

where n is the number of Txs. Nonlinear least square (NLLS) 

estimation method is used for position estimation, where the 

solution can be estimated by obtaining �̃� = [�̃�, �̃�]  that 

minimizes the cost function is given by [11]:  

�̃� =∑(√(𝑥 − 𝑥(𝑖))2 + (𝑦 − 𝑦(𝑖))2 − 𝒓(𝒊))
2

.

𝑖

 (8) 

An iterative procedure is utilized to estimate �̃�  by 

employing the trust-region reflective algorithm [17]. In this 

algorithm, first, an estimate is introduced as �̃�0, followed by 

computing the corresponding cost function �̃�0. Next, several 

points in the neighbourhood of �̃�0 are replaced in (8), and the  

 
Fig. 2 The system model with a LED-based Tx and the PD-based 

Rx.   
Fig. 3 The positioning error considering reflections with NLLS 

estimation.  
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one that minimizes the cost �̃�1 is selected as �̃�1. The Rx 

coordinates �̃� will eventually be obtained following several 

iterative steps to ensure that �̃� converges. In the proposed 

system, the initial value for �̃�0 is estimated using a linear 

least square.  

Fig. 3 shows an example of the PE due to the nonlinear 

least square estimation for the system with 4-Tx. We can see 

that, the maximum PE is around 1.57 m, which is high and is 

due to multipath reflections. When considering multipath 

reflections, the power-distance LoS model in (5) is not 

accurate for the NLoS case. This introduces a large bias in the 

estimation process which cannot be recovered using 

nonlinear least-squares method alone.  

2.4  Polynomial regression 

This approach analyses the relationships between a 
dependent variable (outcome) and one or several independent 
variables (features). There are different types of regression 
approaches as outlined in [18]. Here, the polynomial 
regression is adopted, where the relationship between the 
features and the outcome is described as an nth degree 
polynomial. In this particular case, for the ith Tx, the relation 

between  𝑑(𝑖) and 𝑃𝑟(total)
(𝑖)

 is given as: 

 𝑑(𝑖)  = 𝑎0 + 𝑎1𝑃𝑟(total)
(𝑖)

+⋯+ 𝑎𝑛 (𝑃𝑟(total)
(𝑖)

)
𝑛

, (9) 

where ak, are the polynomial coefficients. Using all the data 
points extracted from the channel simulation we estimated the 
best polynomial fitting in the linear squares sense, depicted 
in Fig. 4. The value of R2 (coefficient of determination) was 
investigated for different orders, the best-fitted solution 
exhibited, and R2 of 0.8942 for a 4th order polynomial.  

 Fig. 5 illustrates the cumulative distribution function 
(CDF) against the PE for non-linear least square with and 
without polynomial regression. Assuming that PE is a 
random variable (it may depend on uncertainties (for 
instance, Tx’s position uncertainties, 𝜎, as it will be described 
in section 3.1), noise, or even the estimation process itself), it 
is logical to use the standard statistical analyses definition for 
the probability distribution function (PDF) and CDF. In this 
case, the PDF and CDF are constructed based on the spatial 
distribution of PE within the room. The PDF, denoted by fPE 
is given by, 

 
𝑓PE(𝑥) = lim

𝑁→∞
𝜀→0

#PE(|𝑃𝐸 − 𝑥| ≤ 𝜀)

𝑁
, (10) 

where N is the number of samples and ε defines an error 
interval centered around x. The cardinal operator # represents 
the counting of occurrences were |PE-x|<ε. The limiting 
process is naturally implied by the discrete nature of the 
simulation. The CDF, FPE is then obtained using, 

 
𝐹PE(𝑥) = ∫ 𝑓PE(𝑥)𝑑𝑥.

𝑥

0

 (11) 

 As shown in Fig. 5, there is a noticeable improvement in 
the accuracy when using non-linear least squares combined 
with polynomial regression for power-distance modeling. 
The maximum PE is 0.6 m with polynomial regression as 
compared with the non-linear least square estimation that 
achieves the maximum PE of 1.57 m. As depicted in Fig. 5, 
the polynomial regression allows to improve PA without 
involving high complexity algorithms.  

III     SET-UP UNCERTAINTIES 

3.1  Uncertainties of the Tx’s position 

Investigating the uncertainties of the Tx’s position 
introduces a challenge in simulation. That is, to study 
uncertainties we must use random Tx positions, which 
implies that, for each iteration we must re-simulate the 
channel, which leads to the increased simulation time. In 
order to fully understand the problem, we have devised two 
approaches (i) a direct process; and (ii) a reverse process. In 
the former, we assume that the channel is re-simulated and 
the impact of uncertainties is measured following a 500 
random iterations. In the latter, we assume that the channel is 
fixed for a set of ideal positions and the uncertainties are fed 
into the system using (7). Selecting just one equation from 
(7), for the direct process we have at each step the following: 

 (𝑅(1) − 𝑋𝑇)2 + (𝑅(2) − 𝑌𝑇)2

= 𝑓𝑅(𝑋𝑇 + 𝑑𝑋, 𝑌𝑇 + 𝑑𝑌), 
(12) 

where R(1) and R(2) are the coordinates of the Rx, XT, and 
YT are the coordinates of the Tx, and dX and dY express the 
uncertainty at the Tx coordinates. Both dX and dY are 
assumed to be Gaussian variables with N(0, 𝜎2) probability 
density function. As stated in (12), at each iteration the 
channel needs to be re-simulated in order to extract the 
distance measure. 

 
Fig. 4 Estimation using polynomial fitting method. 

 
Fig. 5 CDF of the errors measured by NLLS and NLLS with 

polynomial regression estimation. 
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The reverse process does not require the channel re-
simulation at each iteration as given by: 

(𝑅(1) − 𝑋𝑇 − 𝑑𝑋)2 + (𝑅(2) − 𝑌𝑇 − 𝑑𝑌)2

= 𝑓𝑅(𝑋𝑇, 𝑌𝑇).
(13) 

Subtracting (12) and (13) and extracting the mathematical 
expectation of both sides gives: 

𝐸[𝑑𝑋2 + 𝑑𝑌2 − 2𝑑𝑋(𝑅(1) − 𝑋𝑇)
− 2𝑑𝑌(𝑅(2) − 𝑌𝑇)] = 2𝜎2] .

(14) 

Equation (14) states that, the reverse process has an 
expectation, which is given by: 

𝑈𝑟(𝜎𝑟) = 2𝜎𝑟
2.

(15) 
Performing the same analysis for the direct process we 

have: 

𝑈𝑑(𝜎𝑑) = 𝐸[𝑓𝑅(𝑋𝑇, 𝑌𝑇) − 𝑓𝑅(𝑋𝑇 + 𝑑𝑋, 𝑌𝑇
+ 𝑑𝑌)] .

(16) 

Note, Ud can be estimated through numerical simulation. 
Closed-form expressions are not a viable option due to the 
fact that, the channel itself has no closed-form expression for 
the NLoS case. Following mathematical simulation, and 
assuming that the Rx is positioned at the center of the room 
and a grid representing the Tx’s positions, we have obtained 

the values for Ud() for different values of , see Fig. 6. Note, 
the two processes are equivalent provided the generated 

uncertainties are equal for certain values of r and d. This 
indicates that, the reverse process uncertainty can be 
generated from the knowledge of the direct process using the 
following:  

𝜎𝑟
2 =

𝑈𝑑(𝜎𝑑)

2
 . (17) 

3.2  Lighting uniformity 

Lighting levels normally depend on the condition of the 
environments [19]. In indoor environments such as offices 
uniform distribution of the light with the sufficient level 
essential. In such scenarios, the lighting uniformity U is: 

𝑈 =
𝑃𝑟min
𝑃𝑟max

 , (18) 

where 𝑃𝑟min  and 𝑃𝑟max  are the minimum and maximum

detected optical power levels at the illuminated target, 
respectively. Uniformity depends on the three factors related 
to the Txs, i.e., HPA, the distance between the Txs, and the 
number of Txs. Fig. 7 shows the uniformity of lighting as a 
function of the number of Txs (i.e., 4 and 9) and for a range 
of HPA. As can be seen, a higher number of Txs offer better 
uniformity. The maximum uniformities are at distances of 3.4 
and 2.6 m for HPA of 60º for 4- and 9-Tx, respectively. Note 
that, the same factors, which affect lighting uniformity, also 
impact the PA. It is normally assumed that higher uniformity 
translates itself into improved PA. As our study shows, this 
is not a general rule, in fact, HPA seems to have a more 
pronounced impact on the PA than the uniformity. 

3.2.1 PE dependence on lighting uniformity 

In this subsection, we further characterize the PEs for 
different HPA and uniformity. For this, we vary the uniformity 
between 0.5 and 0.8 in steps of 0.05 and for HPA of 40º and 
60º. This is accomplished by setting the distance between the 
Txs according to the results of Fig. 7. For each of this set of 

Fig. 8 Comparison of positioning error for different Txs and 

uniformity. 

Fig. 6 Study on uncertainty based on the direct and reverse 

processes. 

Fig. 7 Comparison of uniformity for different HPA and distance 

between the Txs in case of: (a) 4-Tx and (b) 9-Tx. 

2020 12th International Symposium on Communication Systems, Networks and Digital Signal Processing 
(CSNDSP)

Authorized licensed use limited to: b-on: UNIVERSIDADE DE AVEIRO. Downloaded on June 21,2021 at 17:02:21 UTC from IEEE Xplore.  Restrictions apply. 



conditions, we estimate the PE using nonlinear least squares 
with the polynomial regression power-distance model, as 
before. Fig. 8 illustrates the PE for different uniformity for 4-
, 9- and 16-Tx. It can be seen. that PE depends on both 
uniformity and HPA. For instance, for 4-Tx, the minimum PE 
is achieved for HPA of 60º and with uniformity equal to 0.65, 
while, in the case of 9-Tx, the minimum PE is attained with 
HPA of 60º and uniformity of 0.55. For the 16-Tx case, the 
minimum PE is achieved with an HPA of 40º and uniformity 
of 0.65. Results in Fig. 8 show that: (i) low to moderate 
lighting uniformity can support low PE; and (ii) there is an 
optimum value for the number of Txs and the associated 
HPA, which do not match the optimum lighting uniformity 
conditions. Under the simulated conditions, table I collects 
the optimum values for the distance between the Tx, HPA, 
and uniformity based on the lowest PE. 

3.3  Performance with Tx’s position uncertainties  

This section investigates the impact of Tx’s position 
uncertainties on PE. To simulate the effect of Tx’s position 

uncertainty, the ideal positions of the Txs are added with a 
random displacement vector (dX, dY) as described in section 
3.1. The simulation follows the reverse method described in 
section 3.1, using the adjusted variance values given by (17). 
Fig. 9 shows the PE for a single random iteration using NLLS 
with polynomial regression. Comparing with Fig. 3, the 
effects of Tx’s uncertainty is noticeable. The effect of multiple 
iterations is difficult to analyse using 3-dimensional surface 
plots of the PE. CDF plots of PE distribution are more 
adequate for this matter. Fig. 10 shows an example of FPE 
obtained after averaging 100 random iterations of the Tx’s 

positions with  of 5 cm, for the case of 4-Tx. Fig. 10 shows 
two error measures, considering the inner and outer regions of 
the room as depicted in Fig. 1. The Tx’s uncertainty raises the 
error, with a more pronounced effect on the outer region of the 
room (close to walls and corners). Fig. 10 also shows the 95% 
quantile, showing how large is PE for 95% of the cases. Here 
the quantile function is taken as the inverse function of FPE, 

 𝑥 = 𝐹PE
−1(𝑝) (18) 

where p represents the quantile of interest and x is the error 
measure. In Fig. 10, the 95% quantile is depicted in an average 
sense, for the case of the uncertainty in Tx’s positions. 

IV  IMPACT OF TX’S POSITION UNCERTAINTY ON ERROR 

PERFORMANCE 

Table II. The default value of the system’s parameters. 

Parameter Value 

Room size 6 × 6 × 3 m3 

Area of PD 10-4 m2 

Responsivity of PD  1 A/W  

Field of view (FOV) 75º 

Transmitted power 1 W 

Reflection coefficient 0.7 

Tx elevation -90º 

Tx azimuth 0º 

Rx elevation 90º 

Rx azimuth 0º 
 

 

Fig. 11 Comparison of positioning error for different Txs and 𝜎. 

Table I. The optimized values for all Txs case. 

Number 

of Txs 

Distance 

between Txs 

(m) 

Uniformity HPA (º) 

4  2.4 0.65 60 

9 1.3 0.55 60 

16 1.34 0.65 40 
 
 

 
Fig. 9 Positioning error considering reflections and uncertainty 

using NLLS with polynomial regression. 

 
Fig. 10 Comparison of the CDF of positioning errors. 
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The simulation setup is composed of a room of dimension 
6 × 6 × 3 m3 and LEDs, which are assumed to be the same and 
modeled as pointwise Lambertian sources with the order m 
depending on the value of HPA, see (2). Here, we have 
considered three different cases of 4-LEDs, 9-LEDs, and 16-
LEDs, which are placed in a square grid on the ceiling plane. 
The Tx spacing within the grid is set according to light 
uniformity requirements as summarized in table I. The Rx is 
placed on the ground plane. The grid resolution is fixed at 1 
cm for all simulation purposes, which implies that the PD can 
be placed at 3600 different locations. All the default 
parameters for the simulation are shown in table II. The effect 
of Tx’s uncertainty on PE followed a similar procedure as 

before, with 100 random iterations for each  value. The 95% 
quantile is used as PE performance metric, considering both, 
its average and standard deviation, over the 100 random 
iterations.  

Fig. 11 depicts the average and standard deviation of the 

95% quantile of PE as a function of  for 4-, 9- and 16-Tx. 

Fig. 11 shows that the effect of Tx’s uncertainty, , traduces 
in an increasing error dependence, which is more pronounced 
for set-ups with a lower number of Txs. The spreading of the 
error, represented by the standard deviation of the error 

quantile, also shows an increasing trend with , being more 
pronounced for the 4-Tx case. Fig. 11 suggests that increasing 
the number of Txs proves effective in terms of reducing the 
error dependence on Tx’s position uncertainty. 

V CONCLUSIONS 

This paper presented results on the influence of Tx’s 
position uncertainty in the performance of visible light 
positioning systems based on RSS. Achieved results showed 
that light uniformity and Tx’s HPA are crucial design 
parameters. The selection of the Tx’s HPA as well as the 
optimum distance between Txs has to be considered carefully. 
Moreover, optimum uniformity and optimum error 
performance are not met for the same conditions, implying 
necessary design trade-offs. For square grid Tx placement, the 
number of Txs can be explored as an added variable for the 
optimization of both light uniformity and error performance, 
as it allows the reduction of HPA for smaller distances 
between Txs.  
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